This paper presents a numerical study of the granular flow in the discharge of a flat-bottomed model silo.
Introduction
Silos and hoppers are commonly applied in the storage, handling and transportation of bulk solids in industries. Since the end of the 19 th century [1] , silo behaviour in terms of pressure and flow has been extensively studied and progressive advances in knowledge have been achieved [2] [3] [4] [5] [6] [7] . However, many aspects concerning the silo structure design still remain unresolved [8] . The determination of the pressures acting on the silo walls, which constitute the main loads in silo design, is an important one.
Earlier studies of silo pressure suggest that the wall pressures during filling and storage can be well represented by Janssen type pressure equations [5, 9, 10] . However, there has been no consensus with regard to the discharge pressure due to its complex time and spatial variations. With a general lack of understanding and information on the discharge process, most national standards have defined silo discharge pressure using simply a multiplier applied to the filling pressure based on Janssen's theory and its modified versions [11] . As a matter of fact, the prediction of the wall pressures during discharge is particularly challenging, as the pressure tends to exhibit significant fluctuations and its distributions along the silo walls depend closely on the flow pattern developed throughout the silo. More work is still required to understand the detailed development of the flow pattern and the dynamic phenomenon so that the discharge pressure can be determined more accurately.
Concerning the general flow behaviour during discharge of silos, numerous experimental studies have been carried out [6, [12] [13] [14] [15] [16] . General characterisation of the funnel flow, which may be subdivided into the semi-mass flow and the internal funnel flow, has been established for the flat-bottomed silos. In both types of funnel flow, some particles are stationary and there is a flow channel boundary separating the flowing and static particles. The difference between the two flows is that in the internal funnel flow the flowing particles do not come into contact with the silo walls, while in the semi-mass flow the flow boundary intersects the silo wall at some level.
The advancement in numerical methods and computer technology have also led increasing use of numerical simulation to study flow behaviour in silos [17] [18] [19] [20] [21] [22] [23] . Whilst the finite element method is commonly adopted in analyzing the flow in silos, one of the difficulties is the handling of mesh distortion due to the large deformation of the stored solid during discharge. In many previous studies, either a remesh-rezoning technique or an assumed failure boundary had to be used to describe the flow pattern developed in a silo during discharge in order to resolve the mesh distortion problem [24, 25] . A new technique, known as the arbitrary Lagrangian-Eulerian (ALE) formulation, has been developed to combine the desired features of both the Lagrangian and the Eulerian approaches, particularly in describing the behaviour of solids under large deformations [26] . This technique has been applied to model the granular flow, and so far some satisfactory results have been obtained concerning the silo processes [21, [27] [28] [29] .
This paper presents a finite element (FE) simulation of pressure and flow in a flat-bottomed silo using an uncoupled Arbitrary Lagrangian-Eulerian (ALE) technique in the Abaqus/Explicit code [27] as part of a series of studies on the dynamic silo behaviour during discharge [28, 29] . The ALE approach allows for the simulation of almost the entire silo discharge process without causing the mesh distortion problem. The geometry of the FE model is made the same as a silo experimentally studied at the University of Edinburgh [30] which is the derivative one of the original Danish silo [5] , so that comparisons can be made directly. For completeness of the presentation, the key experimental results which are used in the present study are recapped and discussed in some necessary detail. The FE model is validated by comparing with the experimental results in terms of wall pressure and flow pattern in the silo. Through examining the velocity field in the silo, the Flow Channel Boundary (FCB) can be identified using a proposed FCB criterion for flat bottomed silos. A parametric study with respect to the effect of the internal friction angle of the granular material on flow behaviour in a flat bottomed silo has been performed. As far as the numerical study in this paper is concerned, the focus has been placed on the macroscopic phenomenon of discharge and the development of dynamic pressure on silo walls. For this purpose, a macroscopic elasto-plastic constitutive model (linear Drucker-Prager failure criterion with perfectly plastic flow rule) has been employed. A similar approach has been adopted in various numerical studies in this field [e.g. 24, 25] . The model does not get into detailed shear localization, but it is capable of capturing in a macroscopic perspective the development of shear zones and the associated effect on the dynamic pressure on silo walls, which are deemed to be appropriate for capturing the macroscopic dynamic pressure and flow phenomena.
Overview of the experiment
The silo experiment was carried out in a flat-bottomed silo at the University of Edinburgh in the author's pervious study [30] . Dry sand without cohesion was used as the stored material in the silo. The silo consisted of a cylindrical part with a flat bottom, as shown in Fig.1 . The cylindrical part, which was made of epoxy walls of thickness 0.02 m, had an aspect ratio of about 6 (height 4.0 m, diameter 0.7 m). The outlet at the centre of the bottom is circular with a diameter of 0.04m (see Fig.2 ). In the silo walls were installed a total of 56 normal pressure measuring cells at eight levels: seven cells were allocated at each level and spaced 45º apart around the circumference (see Fig.2 ). The pressure cells were mounted flushed on the inside of the silo walls and were covered with an epoxy adhesive mixed with sand. In this way the cells did not introduce any imperfections on the silo walls, or cause any change in wall friction [5] . Seven pressure cells, distributed along the same vertical line (labelled 5 at Generatrix 225º, see respectively, above the silo bottom. Cell E5 was reported to be not working properly and thus was not considered in the present study. The pressure cells were calibrated before they were mounted in the silo walls [30] . The pressure measurements were controlled using a data acquisition program, which recorded and analysed the data in real time. The recording was performed at 1000 readings per second. The model silo was originally constructed and instrumented by the well known team of Munch-Andersen, Askegaard and Nielsen as part of a very extensive study of silo pressure and flow and the model silo was re-established at the University of Edinburgh. For details of the full set of measurements and the general measurement reliability, a more detailed description can be found in the reference [5, 31] .
Each silo test was conducted as follows. First was the filling process, which took approximately 30 min.
A storage period of 26 min followed. Then was the discharge, which took about 40 min. The testing silo facility was designed for distributed filling, which was achieved by feeding the dry sand in such a way that the surface was kept approximately horizontal throughout the filling process. The concentric discharge was operated by opening the outlet at the bottom and the sand was withdrawn under gravity. In this way, a discharge rate of about 0.1 m height fall per minute was recorded. pressures recorded by the cell A5 and B5 had no significant fluctuations. About the mechanism of the pressure fluctuations in silos, a deeper investigation is given in the authors' previous work [28] . Fig. 4 shows the averaged stress distributions on the silo walls at the end of filling and during discharge. The coefficient of wall friction was averaged by the ratios of the shear stress to the normal wall pressure at different levels and found to be 0.6 for filling and 0.5 for discharge respectively. 
Finite element modelling and model validation 3.1 FE model setup and model parameters
The geometry and dimensions of the silo used in the finite element analysis were kept the same as the flat-bottomed silo used in the experiment. In the FE model, the silo was modelled as an axisymmetric problem. A circular outlet was set at the bottom of the silo with a radius of 0.02 m as in the test silo. To avoid mesh distortion, the ALE technique was employed to simulate the mechanical behaviour of the granular material in the silo during filling, storage and discharge. In using the ALE approach, both
Lagrangian and Eulerian boundaries were employed, such that the upper and side surfaces of the stored material in the silo were set to be Lagrangian boundaries while the base (outlet) was considered as an
Eulerian boundary, as shown in Fig.6 . An adaptive meshing technique was employed to help control the mesh distortion and maintain a high-quality mesh throughout the entire analysis even though large deformation occurred. A fuller description of the ALE boundary definition has been given in previous studies [28, 29] .
In the FE simulation, the sand was described using an elastic-perfectly plastic stress-strain relationship with a linear Drucker-Prager failure criterion [33] . The interaction between the walls and sand was modelled using Coulomb type contact with a constant coefficient of wall friction. The sand stored inside the silo was discretised into first-order four-node quadrilateral elements with reduced integration. To ensure satisfactory convergence in the stress results, a fine mesh of 14,000 elements (yielding an element size of 1 cm × 1 cm) in the present study was employed. The silo walls were considered as an undeformable body and modelled using 200 two-node rigid elements, as shown in Table 1 summarises the material properties for the dry sand used in the FE simulation. The properties were obtained mainly from the silo experiments, except that the Young's modulus and Poisson's ratio, which were not available from the experiments and were chosen in consultation with the relevant literature [6, 34, 35, 36 ]. An average wall friction coefficient, which is the ratio of the measured shear stress to wall normal pressure as shown in Fig. 4 , was determined at different levels at the end of filling and during discharge in the silo test and was used in the silo filling and discharge simulation respectively. The internal friction angle of the material φ i was approximated by the repose angle of the sand measured in the experiments. This determination of the model parameter from the internal friction angle, φ DP , for the Drucker-Prager failure criterion gave an upper and a lower bound value respectively using the correction equation in Abaqus [27] as below:
Fig.6 FE mesh configuration and ALE boundaries
(1)
An average value, φ DP =44°, was adopted in the FE simulation unless specifically stated. The dilation angle was not measured in the experiment and a low value of 3° was chosen to represent its limited effect on the plastic volume change during shear failure [36] . A very small value of cohesion (c=1 Pa) was used to represent the cohesionless sand and to avoid numerical difficulties at near zero stress [27, 36] .
Table 1 Material properties used in the FE model
An explicit time integration scheme was employed to perform the non-linear dynamic analysis. A convergence study concerning the time increment has been performed and a time increment of the order of 1×10 -6 s was required to achieve a stable solution. Geometric non-linearity was taken into account. To limit numerical oscillations, the default linear and quadratic viscosity pressure in Abaqus was used [27] .
The viscosity pressure is not included in the material point stress.
The whole numerical simulation consisted of three main stages of analyses in a similar fashion as in the experiment, namely the filling process, the storage process, and the discharge process. The filling process in the silo was modelled by dividing the final geometry of the solid fill into eight layers vertically. Each layer was activated sequentially starting from the bottom layer. The numerical analysis involved achieving equilibrium for each activated layer under the load of gravity before the next layer was laid on with an initial ''stress free'' state, thereby simulating the progressive filling process [37] . To avoid numerical oscillation due to sudden loading, the load of gravity for every layer was applied incrementally in a smooth manner by using the 3rd order built-in load amplitude function in Abaqus [27] .
The top surface of the granular solid was at the top level of the silo. To simulate the discharge process, a gravitational flow was considered by removing the constraints at the silo outlet instantaneously. The simulated time was 620 s in total. The period for filling was from 0 to 80 s, which was found to be sufficient for a steady filling process in the simulation. The storage period was set for 40 s. The simulated discharge process was for a duration of 500 s (from 120 s to 620 s). For a model of such size, to run a complete analysis it will take a CPU time of about 10 hours on a typical desktop PC with RAM 4 GB and processor speed 3.2 GHz. The computing time is in fact dictated by the explicit integration method which is adopted due to the involvement of high nonlinearity and softening, and in this respect the computational cost in running the ALE model is comparable to running a classical FE simulation of the same size with an explicit integration scheme.
FE model validation
To validate the FE model, the numerically predicted wall pressure and flow pattern are compared with those obtained experimentally and using analytical solutions where available. 
where represents the normal pressure at a specified wall point at the -th time point and is the averaged normal pressure at the corresponding wall point from the time points within the period of interest.
The filling pressures were also calculated using Janssen's formula [1] . The theory for deep silos is generally based on the differential equation of the vertical equilibrium for a horizontal slice of granular solid. The solution can be written as (3) where µ w is the coefficient of wall friction, R is the radius of the silo, γ is the unit weight of the granular solid, k is the lateral pressure ratio relating the mean vertical pressure in the solid to the normal wall pressure and is assumed to be invariant with depth, h is the depth measuring from the top surface of the solid, and .
Obviously, the choice of different values of the lateral pressure ratio k will give different predictions of the wall pressure. A detailed discussion on the k values is beyond the scope of this paper. Herein a lateral pressure ratio k of 0.46 as recommended by Eurocode 1 [38] was adopted when applying the Janssen's formula. As can be seen in Fig. 6 , the predicted filling pressure from the FE simulation agrees satisfactorily with the results from the silo experiment and the Janssen equation. (4) where V' is the transient volume of material left in the silo during discharge, and V 0 is the total volume of stored material prior to the discharge. The flow was observed to reach a steady state when the discharge volume percentage reached about 10% both for the silo experiments (about 4 minutes after discharge started) and the numerical simulation. Fig.8 shows the time-averaged discharge pressure distribution along the silo walls in the early stages of discharge in the flat-bottomed silo. The experimentally measured pressures were temporally averaged over the first 4 minutes from since the start of discharge. The numerically predicted pressures were obtained by averaging over the first 60 s after discharge started (with a volume percentage of 10%), at which stage the silo was considered to have an equivalent emptying progress between the experiment and the numerical simulation. The discharge pressures on the silo walls were also calculated according to Eurocode 1 using a multiplier C=1.2 applied to the filling pressures obtained from Janssen's solution [38] . Fig.8 shows that the pressures predicted by the FE model match very well those measured in the experiment throughout the entire height of the silo. Some discrepancy between the FE and Eurocode prediction can be seen near the upper and lower boundaries. This is not surprising since Janssen's solution used in the Eurocode for the discharge state complies with the static equilibrium, whereas in the numerical simulation the dynamic equilibrium is enforced so that the varying filling level [39] . A detailed discussion about the flow behaviour will be given in Section 4 below.
Fig.9 Time histories of normal wall pressure at seven different levels predicted by the FE model
The flow pattern within the silo as predicted by the numerical simulation is also compared with that observed in the experiment. As described earlier, the ALE technique employed in the present FE simulation has an obvious advantage in modelling the material large deformation associated with the granular flow inside the silo. In the FE simulation, virtual tracers were used to track the corresponding material points during the analysis. The local material deformation was thus captured, from which the flow pattern can be inferred.
The spatial distributions of the tracers at four different stages of discharge are shown in Fig.10 . In the upper part of the silo, the tracers exhibit a uniform (almost horizontal) profile except those at locations very close to the silo wall which tend to move downwards at a slower velocity. In the lower part of the silo, a non-uniform profile is clearly seen where the tracers towards the central axis move downwards faster than those closer to the silo walls; in fact the tracers situated at the silo bottom away from the outlet did not move since discharge started. This movement profile indicated a semi-mass flow for the flat-bottomed silo which resembles very well the observation from the silo experiment as shown in 
Flow behaviour
The detailed flow behaviour in the flat-bottomed silo is further examined from the velocity field. From Fig.12 (a) , it can be seen that at the very early stage, more specifically about 10 s of discharge herein, only a small portion of solid particles near the outlet region was in motion. A narrow channel-like flowing zone formed with a width of about the outlet size and a height of 0.6 m. Along the radius of the silo, the material attained higher velocity towards the central axis. At this specific time, the highest normalised vertical velocity at the central axis at the outlet (h=0 m) was u'=0.33, i.e., 33% of the highest velocity that would be reached in subsequent steady flow condition.
As the flow developed, see Fig.12 (b) and (c) , the vertical velocity increased in most part of the silo and the flowing zone extended upwards and radially outwards from the outlet region. At the stage of V dis =10%, which is shown in Fig.12(d) , a steady flow was reached, after that the flowing zone size and velocity value did not change noticeably. When the steady flow was reached, a largely uniform velocity profile was established across the radius of silo at the level of h=0.7 m. Below this height, the velocity profile was not uniform and became increasingly more concentrated towards the outlet region at lower levels. Based on the detailed velocity field data discussed above, the flow channel boundary, which is defined as the interface between flowing and stationary material [40] , can be readily identified. For this purpose, a ratio of critical velocity (RCV) is introduced as a criterion to delineate the boundary between the "flowing" particles from the "stationary" ones:
where u' denotes the normalised vertical velocity of a particle at a given position, ‫ݑ‬ ′ is the normalised vertical velocity of the particle at the centre position of the corresponding level, which represents the highest vertical velocity at the level. To check if the criterion of RCV=0.001 may be suitable for extended applications, further verification was carried out with respect to the evolution of the flow channel boundary during different discharge stages, as shown in Fig.14 . From this figure, it is clearly seen that an elliptic flowing zone, which was first reported by Kvapil [41] , formed near the outlet region at early discharge stages (herein V dis =0.1%). As the discharge progressed and the flow developed (V dis =3% and 6% herein), the flow boundary moved upwards and radially towards the silo walls, and intersected the wall at heights of about 1.4 m and 1.0 m, respectively. This implies that the previous stagnant parts of the solid particles were increasingly activated and participated in the flow. The flowing zone extended and the boundary-wall intersection slid down until a steady flow was reached (V dis =10%). The intersection then stayed at the height of 0.7m. These predictions are in good agreement with the observation of the variation of the flow boundary-wall intersection in the experiment. Similar evolution of the flow region in a flat-bottomed silo has also been reported in other experiments [42, 43] . Thus, the use of the criterion of RCV=0.001 for an explicit identification of the flow boundary is deemed to be appropriate. 
Influences of varying internal friction angle
A parametric study was carried out to further investigate the flow profile with varying internal friction angles of the sand, which is the predominant parameter governing the shear strength of the cohesionless sand considered in this study. In addition to φ DP =44º, two further internal friction angles of 34º and 54º were considered in the Drucker-Prager (DP) failure criterion in the FE simulation. The three DP internal friction angles of 34º, 44º and 54º respectively represents a real effective internal friction angle of 24º, 35º and 43º for sand.
The radial cross-sectional profiles of vertical velocity at different levels in the steady flow for three different internal friction angles are depicted in Fig. 15 in conjunction with Fig.12 (d) . The three sets of results show generally similar profiles, the characteristics of which have been discussed in the previous section. The velocity distribution along the cross section became increasingly smoother at higher levels, but the height level at which it became almost uniform was markedly different among the three different internal friction cases. The case with the lowest friction angle of φ DP =34° achieved a uniform velocity profile at the level of about 0.5 m, much faster than the 44° case at level of 0.7 m and the 54° case at level of 1.0 m, as shown in combination in Fig. 16 . Due to the flat-bottomed geometry of the silo, a stagnant zone, which is depicted by the flow channel boundary in Fig. 16 , always formed at the silo bottom away from the outlet but with different sizes for the three internal friction angles.
The results suggest that a granular material with a lower internal friction angle, and hence lower shear strength, tend to flow more easily than one with a higher internal friction angle or higher shear strength. It is expected that the material with a higher shear strength will reach the angle of repose and therefore cascade down the higher level [42] . A similar observation has also been reported in an experimental investigation of cylindrical hopper [44] . The trend of the numerical results indicates that such a condition can be clearly reproduced from the present FE model. The flow channel boundary can also be characterised by the high local shear stress within the material. To gain further understanding of the flow behaviour in flat-bottomed silos, a criterion for identifying the flow channel boundary has been proposed based on the ratio of vertical velocity across the radius of the silo at different levels. Using the criterion, a gradually growing flow zone which initiates near the outlet can be identified during the silo discharge simulation. At the fully developed flow state, the flow zone can be described as a converging zone with the velocity profile concentrated towards the outlet at the lower part of the silo, which reflects a special characteristic associated with the flat-bottomed geometry of the silo.
Furthermore, the influence of shear strength of the stored granular material on the flow behaviour has been investigated through varying the key parameter of the internal friction angle for cohesionless
sand. The results demonstrate that a granular material with a low shear strength flows more easily than a material with a higher shear strength. A larger stagnant zone can be expected to form when a material with a higher shear strength is withdrawn from a flat-bottomed silo. Smoothing walls appears to be an beneficial operation for improving flow behaviour of material out of the silos. The characterisation of the flow behaviour and the dynamic wall pressures can be very useful in silo design.
Due to the limitation of the constitutive mode used in the present FE model, the details of the complex granular flow behaviour may not be captured realistically at this stage. To pursue such flow behaviour, an advanced constitutive model must be employed, in which the pressure effect, the density effect, the deformation rate effect and grain size effect should also be considered. The development of such a model will allow a comprehensive investigation of the micro-structure of the granular flow and this is to be considered in the future work. 
